Stacking two-dimensional (2D) materials into multi-layers or heterostructures, known as van der Waals (vdW) epitaxy, is an essential degree of freedom for tuning their properties on demand. Few-layer black phosphorus (FLBP), a material with high potential for nano-and optoelectronics applications, appears to have interlayer couplings much stronger than graphene and other 2D systems. Indeed, these couplings call into question whether the stacking of FLBP can be governed only by vdW interactions, which is of crucial importance for epitaxy and property refinement. Here, we perform a theoretical investigation of the vibrational properties of FLBP, which reflect directly its interlayer coupling, by discussing six Raman-observable phonons, including three optical, one breathing, and two shear modes. With increasing sample thickness, we find anomalous redshifts of the frequencies for each optical mode but a blueshift for the armchair shear mode. Our calculations also show splitting of the phonon branches, due to anomalous surface phenomena, and strong phonon-phonon coupling. By computing uniaxial stress effects, inter-atomic force constants, and electron densities, we provide a compelling demonstration that these properties are the consequence of strong and highly directional interlayer interactions arising from electronic hybridization of the lone electron-pairs of FLBP, rather than from vdW interactions. This exceptional interlayer coupling mechanism controls the stacking stability of BP layers and thus opens a new avenue beyond vdW epitaxy for understanding the design of 2D heterostructures.
I.

INTRODUCTION
Few-layer black phosphorus (FLBP), shown in Figs. 1(a)-(c), has recently been predicted theoretically and demonstrated experimentally to be an ideal material for next-generation nano-, thermo-and optoelectronics [1] [2] [3] [4] [5] .
One unique property that distinguishes FLBP from all the other systems in this 2D materials revolution is its anisotropy: theoretical predictions [3, 6, 7] of geometric [3, 7] and electronic structures [3, 7] have been followed closely by experimental observations [1, 5] of anisotropic electric (carrier mobility) [1, 3, 5, 7] , optical (light absorption) [3, 5] and mechanical (elastic moduli) [3, 6, 8] properties. A less well recognized but equally striking difference of FLBP from other 2D materials lies in its strong interlayer coupling, which is mediated by interactions much stronger than van der Waals (vdW) [3] . Density functional theory calculations [3, 7] identify direct wavefunction overlap between BP layers, leading to bonding-and anti-bonding-type features among the layers, which broaden both valence and conduction bands and give rise to a thickness-dependent bandgap [3] . Given these two distinctive properties of FLBP, we would also expect remarkable anisotropy and layer-dependence in its lattice dynamical (vibrational) behavior. Although highly relevant to mechanical, electronic and optical properties, the phonon spectrum of FLBP, and in particular its dependence on sample thickness, has yet to be characterized accurately.
The vibrational properties of multilayer 2D materials, most notably graphene [9] [10] [11] [12] [13] [14] [15] [16] and transition-metal dichalcogenides (TMDCs) [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , have been studied intensively, in particular their interlayer optical modes.
These have a much higher intensity than the interlayer acoustic (IA) modes and normally show a blueshift when the sample thickness (layer number) is increased [17] . They are also rather sensitive to changes in atomic environment, such as local strain or surface adsorption. We showed previously [3] that FLBP has a thicknessdependent variation of lattice constants, which implies an evolution of optical-mode frequencies. By contrast, IA modes reflect directly the strength of interlayer coupling in the directions perpendicular (breathing modes) and parallel (shear modes) to the layer plane of a 2D material. Recent observation of the rather weak IA modes in graphene [12, 13, 15, [19] [20] [21] makes possible the investigation of interlayer coupling strengths in stacked pristine 2D materials and in heterostructures comprised of different 2D materials. Building such a heterostructure layer by layer is known as vdW epitaxy [27] , because the vdW force dominates the interlayer coupling in graphene, BN and TMDCs.
However, a full understanding of all types of interlayer interaction is required to control the growth of multilayer structures, the likely form of any practical device exploiting the properties of 2D materials [27] [28] [29] [30] [31] [32] [33] , and here we reveal a different dominant interlayer coupling mechanism in BP.
In this article, we show by high-precision ab-initio calculations that the three Raman-observable optical modes, i.e. A (atoms moving along x, Fig. 1(d) ), B (along y, Fig. 1(e) ) and A (along z, Fig. 1(f) ), undergo an anomalous redshift with increasing layer thickness. Quite unexpectedly, it is the interlayer coupling which governs this trend, although changes of the lattice constant (strain effects) are partially responsible for its magnitude. Further, the B and A modes split into two separate branches, corresponding to motion of atoms in the surface and inner layers, due to their differing effects on the hybridized electronic states. That the surface frequency is higher, suggesting stronger interlayer interactions at the surface, is absolutely new in multilayer 2D materials. The same result is found for the IA modes, other than the shear mode in the armchair direction (Sx, Fig. 1(g) ), due to its coupling to the B ' mode. The combined effects of strain and interlayer interactions (manifest as a phonon-phonon coupling)
give rise to a blueshift of Sx, a redshift of Sy (shear in the zigzag direction, Fig. 1(h) ) and a nearly unaffected Bz (breathing mode, Fig. 1(i) ). Similar to other anisotropic properties [3] , the explicit anisotropy of the shear modes in FLBP is understood by analyzing the electron hybridization through the distribution of (differential) charge density.
We demonstrate that all of these striking results, so anomalous by comparison with graphene and TMDCs, originate from the direct interlayer wavefunction overlap of lone electron-pairs, a property of FLBP unique among 2D materials. When two monolayers are stacked together, the phonon spectrum is doubled to include in-and out-of-phase partners for every mode. The splitting of these branches reflects the strength of interlayer coupling. Figures 1(j) and (k) show the phonon dispersion relations of mono-and bilayer BP, with the Raman-active optical modes of the monolayer and IA modes of the bilayer highlighted in color. For the in-phase mode B (Fig. 1(l) ) , a very strong splitting of 20.4 cm -1 (relative to a mode energy of 127.0 cm -1 ) is found from its partner B ' mode ( Fig. 1(m) ) at the G point, while the 5.1 cm -1 splitting of mode B is also appreciable. Modes B , B ' and B correspond respectively to shear modes along z (Figs. 1(l) and (m)) and a stretching one along x (Fig. 1(n) ). They are correlated because stretching along x changes bond angle θ1 (Fig. 1(c) ), which affects the intra-layer shear motion. The higher frequency of B ' is easily understood from the spatial distribution of charge in the bonding state of the highest valence-electron wavefunction (VB1, shown in Fig. 2g of Ref. 3) , which has significant interlayer electron density.
II. RESULTS
A. Vibrational modes and dispersion relations in FLBP
We return below to a detailed discussion of this effect and of the mechanism for such strong interlayer coupling in FLBP.
We comment in addition that the frequency rise for Sx and Sy from the G point to the X or Y point is rather rapid, consistent with the fact that the intra-layer covalent bond is stiffer for stretching than for bending (represented by the dispersion of the Bz mode). The anisotropic character of FLBP is reflected clearly in the two IA shear modes, in that Sx is much softer than Sy. We will demonstrate below that the microscopic explanation of this anisotropy lies in the nature of the interlayer coupling, and not directly in the smaller elastic moduli of the x direction as reported in our previous study [3] .
B. Layer-dependence of vibrational frequency
In a conventional weakly coupled 2D material, weak reinforcement of the planar structure causes the frequency of optical phonons to rise with sample thickness, i.e. a blueshift [17] . In FLBP, the evolution of these phonon frequencies is anomalous, showing a decreasing trend (redshift) in all three cases (Figs. 2(a)-(c) ), although A does show a slight increase ( Fig. 2(a) ) beyond four layers (4L) and a splitting appears at 3L for B and A . This splitting effect is very weak (1 cm -1 ) for B , whose frequency decreases continuously ( Fig. 2(b) ), but for A , it reaches a maximum of 7 cm -1 and one branch increases while the other reaches a minimum at 4L (Fig. 2(c) ). The associated vibrational displacement pattern indicates that this frequency splitting, which is completely different from that in Fig. 1(k) , arises from the quite different motion of surface and inner atoms. The surface atoms vibrate significantly more strongly than the inner atoms and contribute to the higher-frequency (upper) branch, whence we introduce the terminology for 6L-BP. By contrast, for mode Sy, the calculated frequencies lie significantly closer to, but instead above, the chain-model values ( Fig. 2(e) ): the 2L-BP frequency is only 2.3 cm -1 larger and the deviation is rather small for other layer numbers, with a crossover of chain and DFPT values for the lowest-frequency branch. Unlike the shear modes, for mode Bz the DFPT results are nearly identical to the simple expectations encoded in the chain model. These anomalous frequency variations, occurring for both optical and IA modes, have the same microscopic origin as the other properties that make BP quite distinct from other 2D materials, and we return to this topic below.
We summarize briefly the situation for experimental observation of these modes. NL-BP has a center of inversion symmetry for both odd and even N, and the Raman-active modes preserve this symmetry when vibrating. This selection rule applies to both shear and breathing modes and, as a result, all modes in the lowest branch, i.e. Sx y The armchair lattice constant, a, decreases by 0.13 Å from 1L to 6L (Fig. 2(g) ), whereas the zig-zag one, b, is slightly stretched, albeit by less than 0.02 Å (Fig. 2(h) ). The vertical distances between two sub-layers (c) or two layers (c')
are both smaller at the surface than between the inner layers ( Fig. 2(i) ), suggesting a stronger interlayer attraction at the surface, which is completely novel by comparison with other 2D materials, including graphene and MoS 2 . The surface contraction and changes in structural parameters, equivalent to an external strain, are key factors determining the surface splitting and the anomalous redshift.
C. Stress effect on frequency shifts
To gain more insight into the factors affecting the phonon modes, we investigate strain effects by applying a uniaxial stress along the x direction. and (b)), although the minimum at 3L for A is missing and the redshift for B is significantly smaller than the intrinsic shift. For the A mode, however, the stress-induced contribution is opposite to the intrinsic one. It is, of course, not realistic to expect that the frequency shifts could be reproduced by the stress contribution alone, as many other factors are involved, including notably the surface contraction, which is thought to depend on interlayer interactions. The results of this comparison do confirm that the known structural deformation is only one of the key factors governing the frequency shifts, leaving gaps in our explanations that will most likely be filled only by a full understanding of the interlayer coupling.
D. Role of interlayer coupling in vibrational frequency shift
In 2D materials such as multilayer graphene and h-BN, the primary interlayer coupling is mediated by vdW forces, which generally have only weak effects on intra-layer (optical) vibration modes. By contrast, FLBP has a rather special structure in that each atom forms P-P bonds with three atoms in the same layer, leaving a lone electron-pair oriented out of the layer. These pairs interact strongly with others from adjacent layers, changing the electron distribution both within and between layers, and thus creating the situation in the anisotropic BP structure where not only the interlayer (shear and breathing) modes but also the intra-layer optical phonons may be weakened or strengthened. However, the stacking of BP layers is always accompanied by changes in the lattice parameters, which complicates efforts to isolate the effects of interlayer coupling alone.
As a further step towards this goal, we introduce an approximation in which a and b are fixed (see the Methods section) and show the resulting FLBP optical-mode frequencies, denoted by ``Layer," in Figs. 4(a)-(c). At a qualitative level, this estimate of pure interlayer coupling effects is remarkably successful in reproducing all the features of the DFPT results, including the minimum of A , the splitting of B and A , and the correct Ndependence of A . In particular, interlayer coupling softens all the optical modes, indicating weakened inter-atomic bonding within each layer. Such a weakening can be ascribed, as we show below, to the charge transfer of the lone electron-pairs from intra-layer P-P covalent bonds to interlayer bonds. The interlayer contribution to frequency softening for A (Fig. 4(c) ) counteracts the increasing trend of the ``Stress" curve and the combination gives values very close to the DFPT results. For the other two modes, the interlayer-coupling curves have the correct (DFPT) tendency and the effective stress shifts them into quantitative agreement with the absolute DFPT values.
The splitting of the ``Layer" curves also confirms that a stronger interlayer attraction at the two surfaces of FLBP separates the surface-atom motion from that in the inner layers, giving higher phonon frequencies at the surface. The electronic hybridization of lone electron-pairs gives a vivid microscopic illustration of this surface-separation phenomenon. Figure 4 (d) identifies the uppermost six valence bands, VB1 to VB6, in 6L-BP. The electron density distributions of the six corresponding eigenstates, hybridized wavefunctions spanning the six layers, show very explicitly ( Fig. 4(e) ) that VB1 and VB2, the lowest-lying pair, are two bonding states for inner (layers 2 to 5) and surface (layers 1-2 and 5-6) layers, respectively, while VB6 and VB5 are their associated anti-bonding states. States confirms the enhanced electron density, meaning stronger bonding, of the surface layer. This result also accounts for the surface splitting of the optical modes (B and A ), because the shorter interlayer distance also enhances intralayer charge density at the surface. By contrast graphene, often considered the prototypical layered material, has the opposite behavior, with a larger interlayer distance and 7% smaller ILFC along z ( Fig. 5(a) ) at the surface of a multilayer sample. These results confirm again that the qualitatively new physics of FLBP can be traced to the hybridization of lone electron-pairs, which provides strong and anisotropic interlayer coupling.
Indeed, the highly directional nature of the lone pair causes the ILFC of the y direction to be more than three times that of x. Vibration-induced charge redistribution increases the total energy of the system, determining the stiffness of the corresponding mode. Figure 5 (c) shows the charge distribution at the center plane of two inner layers ( Fig.   5(a) ), where three lobes of charge density residing below or above the three P atoms are oriented in the y direction, highlighted by the black rectangle. Charge deformation along y therefore incurs much stronger resistance than that along x, the higher electron density causing much stronger mutual repulsion among these lobes along y and thus leading to the factor-3 ILFC anisotropy in the x-y plane of FLBP.
F. Phonon-phonon coupling
Compared with the enlarged surface ILFCs for y and z, the result for x is anomalous in that the surface layers have smaller ILFCs than the inner ones ( Fig. 5(a) ), despite the smaller interlayer separation. In analyzing the phonon dispersion relations for bilayer BP ( Fig. 1(k) ), we found that modes B and B ' are strongly affected by interlayer coupling. As illustrated in Fig. 5(d) , one of the strongest effects on mode B ' is through its interaction with Sx.
These two vibrational modes are particularly sensitive to interlayer electronic hybridization, specifically in the region of space highlighted by the red and green rectangles in Fig. 5(e) . The B ' mode introduces a z-component in the atomic displacements of mode Sx, allowing it to lower its frequency by reducing the disruption of the strong interlayer electron density; simultaneously, this interaction raises and splits the frequency of B ' for the different layers.
This IA-optical phonon-phonon interaction provides the microscopic explanation for two of the anomalous features in our results. Although it acts to soften mode Sx for all branches (of Fig. 2(d) ), and thus to depress the ILFC values for Sx (Fig. 5(a) ), the effect is strongest for the unconfined surface layer because of its stronger out-of-plane vibrational motion; in fact it acts to reverse the order of x-direction ILFC values compared to y and z, causing the strong x-y anisotropy of FLBP (Table SI) and suppressing the anomalous surface splitting. The phonon-phonon coupling is also responsible for the discrepancy between DFPT and chain-model frequencies computed for the multilayer Sx modes in Fig. 2(d) . Increasing the thickness of the sample reduces the out-of-plane atomic displacements (see Fig. S6 ) and the net surface contribution to the mode frequencies, as a result of which the discrepancy decreases systematically. As in our calculations under uniaxial stress, a minor opposing tendency due to directional charge redistribution governs the small discrepancy in Sy frequencies ( Fig. 2(e) ). The clear role of interlayer coupling in mediating phonon-phonon interaction effects is a further piece of compelling evidence for its importance in determining the vibrational properties of FLBP.
III. Discussion
The redshift we find for mode A (Fig. 2(a) ) is consistent with a recent experiment [37] for the bulk value. For the other two optical modes, significant broadening of the Raman peaks made the question of a redshift, blueshift or non-shift inconclusive. Again from Raman measurements, it was found for 5L-BP that decreasing temperature causes a blueshift of all three optical modes [8] . Because a temperature reduction normally means a shortened lattice constant, such a shift may be taken to reflect the effects of a uniaxial stress, as studied in Fig. 3 .
However, in FLBP there are two parameters for the z-axis lattice constant, with the "softer" interlayer c' varying faster than c and dominating the sample thickness (Fig. 3(c) ), thus vastly complicating any stress-temperature relationship.
A thermal blueshift of B and A is nevertheless fully consistent with the stress-lattice-frequency relationship contained in Figs. 3(b) , (c), (e) and (f). However, for mode A , the notion that a should reduce with decreasing temperature appears to be contradicted by the stress-induced redshift we observe. We comment that changes of a lie almost exclusively in changes of bond angle, not of bond length [3, 6] (see Fig. S5 ), whence a is not guaranteed to fall at lower temperature and we suggest that our results might imply a negative thermal expansion [38, 39] , which is 2/3 of the value for the "softest" Sx mode in BP, and around 1/6 of the value for Sy. This dramatic difference between shear modes reinforces again the notion of a quasi-covalent interlayer bonding subject to the highly directional nature of the BP layers.
The large ILFC of FLBP in the z direction may explain why isolating monolayer BP from the bulk using scotch tape appears to be more difficult than graphene. As we show in Fig. 5(a) , the z-direction ILFCs of multilayer graphene are smaller at the surface but larger for the inner layers, which makes the separation of graphene monolayers tend to occur at the surface. For FLBP, the reversed ILFC values make exfoliation prone to happen between two inner layers and detachment of a monolayer from a thick BP sample very unlikely. However, the x-direction ILFCs of FLBP are weakest for surface attachment (Fig. 5(a) ), suggesting that an easier route to obtaining monolayer BP may be by shearing a thick sample along x rather than stretching along z.
In summary, we have demonstrated that FLBP has strong interlayer interactions quite different from other 2D materials such as graphene and MoS 2 . The quasi-covalent electronic hybridization of lone electron-pairs between BP layers results in anomalous and layer-dependent vibrational properties for both optical and IA phonons. These include the redshift of optical modes, the separation of surface and inner atomic motion, the enhanced surface attraction, the complex evolution of the different IA modes and the strong anisotropy of the shear modes. This hybridization also introduces an IA-optical phonon-phonon coupling, an entirely new phenomenon in 2D materials, which softens the low-frequency Sx mode and suggests a reduced thermal conductivity in the x direction. Quasi-covalent interlayer coupling makes FLBP quite distinct from other 2D materials in terms of anisotropic and layer-dependent electronic and optical properties, although the importance of the lone electron-pair to the hybridization mechanism is yet to be better recognized. In this work, we have extended the understanding of the exceptional nature of FLBP to its vibrational and, in part, its thermal properties. FLBP represents a novel category of 2D materials with highly anisotropic properties, due in no small part to this strong and directional interlayer coupling, and its tunable electronic, optical and vibrational (thermal) properties make it widely viewed in the community as an ideal system for designing performance devices. The key step in device fabrication is full control over the epitaxial growth of layered materials.
In this regard, the lone electron-pair may play a much more important role than was previously appreciated in epitaxy and property refinement. Because the resulting interlayer coupling is significantly stronger than vdW interactions, the full understanding we offer here should be indispensable for the design and fabrication of multilayer devices both from pristine 2D materials and as heterostructures.
Note added in proof: during the completion of this work, an experimental study of phonon modes in FLBP appeared [41] , where Raman-scattering measurements of both low-and high-frequency breathing modes find the former to be very sensitive to interlayer coupling and hence to layer number. However, because the number of layers in the samples is not known, a quantitative comparison with our predictions is precluded. Very recent first-principles calculations by these and other authors [42] confirm some of the features revealed in our work, including phonon anisotropies and the potential for strain engineering. Although both sets of authors recognize the importance of interlayer coupling to their results, neither one provides a detailed analysis either of its physical effects or of its microscopic origin. APPENDIX: METHODS
Figures and Tables
Density functional theory calculation.
Density functional theory calculations were performed using the generalized gradient approximation for the exchange-correlation potential, the projector augmented wave method [43, 44] and a plane-wave basis set as implemented in the Vienna ab-initio simulation package (VASP) [45] and the Quantum Espresso (QE) [46] code.
Density functional perturbation theory (DFPT) was employed to calculate phonon-related properties, including phonon dispersion relations (QE), Raman activity (QE) and shifts (VASP), vibrational frequencies at the Gamma point (VASP) and other vibration-related properties (VASP). The energy cut-off for the plane-wave basis was set to 700 eV for all calculations. A k-mesh of 31×31×1 was adopted to sample the first Brillouin zone of the conventional unit cell of FLBP in geometric optimization and phonon calculations. The mesh density of k points was kept fixed when calculating phonon frequencies for bulk BP using primitive cells. Fig. S8 shows the necessity of using such a dense k-mesh: coarser meshes give rise to imaginary values of the low-frequency optical mode B and inaccurate values for acoustic modes in systems thicker than 3L. In optimizing the system geometry, van der Waals interactions were considered at the vdW-DF [47, 48] level with the optB86b (optB86b-vdW) [49, 50] and optB88 (optB88-vdW)
[49] exchange functionals. All results reported in the main text were calculated with the optB86b-vdW functional, which is thought to be more accurate in describing the structural properties of layered materials. [51] The shape (inplane lattice parameters) of each supercell was optimized fully and all atoms in the supercell were allowed to relax until the residual force per atom was less than 0.0001 eV·Å -1 .
2.Vibrational properties calculation.
DFPT was used to compute the phonon dispersion (QE) and vibration frequency (VASP). The GGA functionals are known to underestimate the bandgap. Artificial overlap of valence and conduction bands is found in FLBP systems thicker than 3L, which leads to an imaginary frequency for the B mode. This issue was corrected largely by increasing the density of the k-mesh and also improved by imposing a breaking of structural symmetry; all results reported in the main text were obtained from a high-density k-mesh. Further discussion may be found in the Supplementary Material and in Fig. S8 . For the optical modes, we followed the procedure [52] of applying a uniform scaling factor to obtain a clearer and more accurate comparison between theoretical and experimental phonon frequencies. In all our FLBP calculations we used a factor of 1.0587, which is the ratio of the experimental (467. 
Calculation of force constant.
In an IA vibrational mode, the whole layer can be treated as one rigid body. Uniaxial stress. Fig. S5 illustrates the origin and effects on the optical-mode frequencies of a uniaxial stress applied along the x axis.
Phonon-phonon coupling. Fig. S6 displays the differences between surface and inner branches of the low-and high-frequency Sx modes of FLBP from two to six layers.
Interlayer electron densities. Fig. S7 shows the results of a calculation of interlayer electronic density in 6L-BP, which illustrates clearly the strong interlayer hybridization arising from the lone-pair electrons of the P atoms. The imaginary-frequency issue may also be solved by such an artificial breaking of structural symmetry along the vibration direction of the B mode, as shown in Fig. S8(b) . Coarse-mesh calculations predict a metallic state for symmetric FLBP, whereas for asymmetric (broken-symmetry) FLBP a bandgap of 0.2 eV opens slightly off the Gamma point, as shown in Fig. S8(d) . We have found that the DFPT phonon frequencies obtained with a denser k-mesh are rather reliable by comparing them with those of the broken-symmetry structure.
If a compressive stress is applied along the z direction, the valence and conduction bands overlap and the system becomes metallic. In this case, the inversion symmetry is genuinely broken, resulting in the structural deformation shown in Fig. S8(b) . In addition, it could be inferred that low-energy electronic excitations may also lead to such a structural deformation through electron-phonon and phonon-phonon coupling, which would be a topic worthy of more detailed investigations. indicates that the mode is Raman-active. z/x for both highest-and lowest-frequency branches at the surface and inner layers. In the low-frequency branch, the central layers move only for systems with even layer number and thus are shown only for 2L-, 4L-and 6L-BP. The atomic displacements of the surface layers are always larger than those of inner layers, accounting for the ILFC values in Fig. 5(a) . We find that this displacement drops with increasing layer thickness beyond 5L, consistent with the decreasing importance of surface contributions. Large differences in the z/x ratio between the surface and inner branches in the highest-frequency mode explain the discrepancy between the DFPT and chain-model Sx frequencies for this branch, whereas the lowest-frequency branch shows little difference ( Fig. 2(d) ). .
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